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Beyond Endoscopy via the Trace Formnla - I 
Poisson Snmmation and Contribntions of Special Representations 


Salim All Altug 


Abstract 

With analytic applications in mind, in particular Beyond Endoscopy l|13jl. we initiate the study 
of the elliptic part of the trace formula. Incorporating the approximate functional equation to the 
elliptic part we control the analytic behavior of the volumes of tori that appear in the elliptic part. 
Furthermore by carefully choosing the truncation parameter in the approximate functional equation 
we smooth-out the singularities of orbital integrals. Finally by an application of Poisson summation 
we rewrite the elliptic part so that it is ready to be used in analytic applications, and in particular 
in Beyond Endoscopy. As a by product we also isolate the contributions of special representations as 
pointed out in m- 


1 Introduction 

The Arthur-Selberg trace formula is (arguably) the most general tool in the theory of automorphic forms 
up to current date. Its development into the current form has taken over half a century and in the mean 
time it has given rise to many spectacular results on the functoriality conjectures (see for example [3] 
§25,26 and ID)- Almost all of these results go through a comparison of trace formulae on different groups 
coupled with local harmonic analysis. Although these results being very successful, they only coover a 
limited number of special cases of the functoriality conjectures, and in general the conjectures are wide 
open. 

Relatively recently (in m) a new strategy, which is now known as “Beyond Endoscopy”, was introduced to 
attack the general functoriality conjectures. Very roughly it can be described as a two step process: First 
step is to isolate, by means of the trace formula, the (packets of) cuspidal automorphic representations 
whose L-functions (for a representation of the dual group) have the same order of pole at s = 1. The 
second step involves a comparison of this data for two different groups and aims at determining functorial 
transfers. The method, in particular, proposes a new and non-comparative use of the trace formula. In 
this paper we will only be concerned with the first of the two steps. The central problem of the first step 
is to understand the asymptotic behavior of certain averages of trace formulae on a single group with 
varying test functions (cf. 

In [13] the study of these averages was initiated for the group GL{2) and symmetric power representations 
(cf. ^l.ip . At the heart of these averages are the terms coming from the so-called “elliptic part” of the 
trace formula (cf. equation ([4|) ). The elliptic part involves averages of orbital integrals weighed by certain 
arithmetic data (eg. volumes of tori) varying in families. The highly irregular behavior of these quantities 
on top of the singularities of orbital integrals make the analysis troublesome. We also note that in m 
the elliptic part, although numerically analyzed, was not treated. 

This paper lays the foundations of a method to study the elliptic part of the trace formula in analytic 
problems. We introduce the approximate functional equation to the elliptic part in order to resolve 
the problems of arithmetic and analytic nature at once. We then go on and isolate the contribution of 


1 


special representations in the elliptic part (cf. ^1.2p . Finally we end up with an expression for the elliptic 
part that is ready to use in analytic applications, particularly in Beyond Endoscopy. The results of this 
paper will then be used in the subsequent papers m and m) where we execute the first non-trivial 
case of Beyond Endoscopy via the trace formula, and prove bound^ towards the Ramanujan conjectures 
respectively. 

In order to state our results more precisely and to put them into context, in the next few paragraphs 
we will briefly go over the idea in m- We will then state the main results of this paper in Theorem 

o 


1.1 A Brief Overview of Beyond Endoscopy 


In order to simplify notation and to keep the analogy with m, we will be only working over the field Q. 
Let us begin by describing the general idea of Beyond Endoscopy. 

Let 5 be a finite set of primes including the archimedean place and vr be a cuspidal automorphic repre¬ 
sentation of G unramified outside of S. For p ^ S, let A{TTp) G be the local parameter of Tip. Finally 
let p be a finite dimensional representation of ^G. Recall that to this data one can attach the incompletqj 
automorphic L-function (cf. [5] for details) defined by 


L^{s, TT, p) : = det (l - p (d(7rp)) • p 

vis 



n 

gcd(Ti,5)=l 


(•) 


Taking negative of the logarithmic derivative of L^{s,'7r,p) we see that the asymptotic expansion of the 
partial average^ 

■■ = ^ log(p)a^,p(p) 
p<X 
Pis 

in terms of powers A^, > 1, give us the location and multiplicity of the poles of L^{s,7r,p) on and 

to the right of 5R(s) = 1. Moreover for certain test functions € C'°°(G(Q^)) at v ^ S (cf. ^2.2.2l or [13] 
pg.l9), and for arbitrar}0 fy G C^(Q^), we can express the average of a 7 r(p) weighted by n?;es 
as the trace of the operator R{fP’P) (see [3] pg.7 for the dehnition of R{f)) on the cuspidal part of the 
spectrum, where := O^eS i-e. 

'^an,p{p) n tr(7r„(/^)) = tic{Rcusp{FP) 

TT ves 

In the above expression we have denoted the orthogonal projection of R{fP’P) to the cuspidal spectrum 
^More precisely we will reprove the classical i-bound of Kuznetsov via the trace formula. 

^The missing factors for the primes in S are expected to not to effect the analytic behavior of the automorphic L-functions. 
®Note that 6,r(A) depends on the chosen finite set of primes S. For our purposes we will chose S once and for all, 
therefore we dropped it from the notation. If the need to emphasize the choice of S arises we will write G-^^p{X, S) instead 
ofe,.,p(A). 

^We can also allow functions which are not necessarily compactly supported however this is not the main issue here. 
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by Rcuspif^’^)- The idea in [13] is to study the asymptotic behavior of 

®.(V) : = E E \og{p)a„^p{p) n tr(7r^(/^)) 

IT p<x veS 

piS 

p<X 

Pis 

by using the trace formula to re-express t^{Rcusp{P'^))■ At this moment let us pause momentarily to 
make some comments. 

Firstly, we would like to note that for a vr which satisfies the Ramanujan conjectures f[16jl L^{s,7r,p) is 
holomorphic in the region 3ft(s) > 1, and it is expected that the only possible poles appear at the point 
s = 1. Therefore for vr of the this type, the leading term of the asymptotic expansion of &Tr^p{X) will only 
have terms of size X. On the other hand one expects that the vr that violate the Ramanujan conjectures 
to be functorial transfers from smaller groups and thus can be understood inductively. Therefore one can 
focus the attention on representations satisfying Ramanujan conjectures (which are called “Ramanujan 
type” in m) and study the coefficient of the term X in the asymptotic expansion of This was 

the approach taken in m- 

Secondly, we would like to make a brief historical remark. Right after the idea of Beyond Endoscopy 
came out Sarnak, in his letter to Langlands m ), suggested studying a variant of &Tr^p{X) (for the group 
GL{2) and p = Sym^, the symmetric fc’th power representation) where the sum over p is replaced by 
a sum that runs over integers, and to use the Petersson-Kuznetsov formula (|9] §16.4), a relative trace 
formula, to analyze the resulting expressions. For k < 2 these modihcations conveniently allowed the 
asymptotic expansions of (the modified) &g^^k{X) to be studied (see [20| for a treatment of A: = 1, 2 and 
[8] for related results). For higher k serious analytic problems arise and an analysis has not been carried 
yet, for more details on this we refer the reader to m- 

After this detour, we now go back to &p{X) and [l3]. Since in this paper we will only be considering 
GL{2) and symmetric power representations, for what follows let us fix an integer k > 0 and use the 
notation: p = pk = Sym^, &p{X) = &k{X), f^’P = f^'^. As we have already noted in the first part of the 
introduction, a detailed study of &p{X), for G = GL{2) and p = Sym^, was initiated in [13] (pg.17-34). 
There the contribution to (1551) of all of the terms but the elliptic ones had been analyzed. 

1.2 Obstacles in the study of the elliptic part 

We have indicated in the introduction that the main difficulties that make the analysis of the elliptic 
terms not straightforward are the appearance of class numbers of quadratic extensions in various families 
(cf. equation dJ])) and the singularities of orbital integrals ( 1)2.2.31) . 

Additional complications are caused by contributions of certain special representations. More precisely, 
as we have remarked in the previous paragraphs, the most fundamental part of the asymptotic expansion 
of &k{X) is expected to be the term of order X, which corresponds to the contribution of those forms of 
Ramanujan type. However the trace formul^l expresses the trace of the operator R{fP’P) on the discrete 
part of the spectrum as a sum of geometric and spectral terms m pg.271-272). Thus in order to study 
the asymptotic behavior of &k{X) one needs to isolate in the geometric side the contribution of those 
representations that are not of Ramanujan type. An important example (which is the only example in the 
setting considered in [13]) of this is the trivial representation, which we denote by 1. Its trace, tr(l(/^’T))^ 
has to be isolated in the geometric side (this contribution occurs in the elliptic part, cf. Theorem I l.ip of 

®In |13| Langlands uses the trace formula in [10] rather than Arthur’s trace formula and we will follow this choice. 
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the trace formula before one can use it to study 6fc(X). Furthermore we would like to isolate this in such 
a way that the resulting expression is in a form that is suitable for further analysis of &k{X). 

We would like to note that the contribution of tr(l(/^’’^)) was previously studied in [13] and [Tj. In m 
the contribution was approximated and numerical experiments were done for the resulting expression for 
Sfc(X). In the more recent paper [7] the contribution of tr(l(/)), for a general class of functions /, was 
isolated for a general groupo G that is semi-simple, simply connected and satisfs G = Gder, where Gder 
denotes the derived group of G. In that paper the authors perform Poisson summation on what they call 
the ’’Hitchin-Steinberg basis” and identify the contribution of tr(l(/)) as the main term on the dual sum. 
However their approach, so far, has not allowed a further study of the resulting expression after removing 
tr(l(/)). Our method in this paper is similar to the one in [7| that we also use Poisson summation. The 
main difference, which allows us to go further and get an expression that is suitable for analysis, is that 
we use the approximate functional equation (equation (Hip ) in treating the class numbers (i.e. volumes 
of tori in 0), which amounts to an additive truncation rather than the multiplicative truncation that is 
used in [7]. 

Returning back to our discussion, we would finally like to note that in [T3| (pg. 25) the contribution to 
m of the residues of Eisenstein serie^ (denoted in [13] by tr(^o(/m))! which in our notation will be 
denoted by tr(^o(/^’^))) was analyzed and shown to contribute a^X + o{X) to &k{X), where G C is 
given in equations (31) and (32) of [l3]. It was stated there that one expects this contribution to appear 
in the elliptic part, however this was not shown up to current date. This contribution is also isolated in 
Theorem 0 

1.3 Results of this paper 

In this paper we analyze the elliptic part of the trace formula, isolate the contributions of the special 
representations that were mentioned in the previous paragraph, and rewrite it in a form that is suitable 
for analytic applications, in particular for Beyond Endoscopy. In order to state the result we will need to 
introduce some notation which is explained in detail in ^ 

Let G ;= GL{2) and Aq denote the ring of adeles of Q. To keep the analogy with [13] and to avoid notional 
complications we will be considering automoprhic representations of G over Q which are unramified at 
every finite place and whose central characters are trivial on ^ Aq. Let p G Z>o be a prime 
and k G Z>o be an integer. Let us denote the scalar matrices with positive real entries by Z_|_. Let 
= /oo • where foo G C'°°(Z+\G(M)) and fq’^ are as in ^2.2.21 We note that for 

a cuspidal automorphic representation, vr with central character as above, this choice of test functions 
satisfy tr(7r(/oo)) • an,p;,{p) = tr(7r(/P’^)), where a^,pj^(p) is still defined by dg). 

Let G(Q)^ denote the set of conjugacy classes in G(Q), and 7(4^,!) G G(Q)^ denote the conjugacy 
class of elements having trace x and determinant y. We define the functions 0;^ G C'c(M) by 0;^(a:) := 
2|x^ ± 1| • Or6(/oo;7(i|ii,a;))) where the orbital integral, Or6(/oo;7(i|ii,x))) is as defined in 1)2. 2. 11 Let 
G C°°(]R) be as in equations ([7]), ( |77oD and ( jJLiD of T3.2I respectively. Finally let us denote the 
elliptic part of the trace formula for the test function by ii{R{F'^))eii- 

Then we have the following: 

Theorem 1.1. Let 1 > a > 0, and v > 0 be any number such that CF + 1) does not have any zeros 
for |m| < V. Let = { (0, it) | t G (—oo, —v) U (u, oo)} U Gy, and Gy denotes the left-half of the eircle of 
radius v around 0. Then, 

®These properties exclude G = GL{n), however their argument can easily be extended to cover this case too. 

^This is the contribution to the trace formula of term (vi) of | 10| . 


4 







tr{R{fP’>^)Ui = tr(i(/P’^)) - tr(eo(r’")) - S(n) - ^ ^ 


WherE, 


/ 9^(0=) 

L^±1>0 Vl* =*=^1 


dx 




T 


7r2 


/(-I) 


V^''l^'piTpj C(«+ 2 ) (i_p-(>*+i)) 


v^|x2±i| E J 


C(2^) (i-p-"^'°+^)) 
(x 2±1)+^~'"~Y V|x2=bl|l-a^ C(“+l) (l-p-“) 


dti 


dx 


CO CXD 


+ ^EEfEz^E 

[x) 


T /=i i=i ?ez 


X 


p ( ijRM)zz\ , jj^Pz^iHfj (ijRMrz^ 

k^±l|“ / 2^|3;2 ±i| V |a:2±l|i-“ 


-xgp'“/2 

2i/' 


e I n,'ii I dx 




ix2±l ■ — 


E 

a mod 41 f^ 
a‘^±4p^=0 mod f 
a?±4p^ 

—-=0,1 mod 4 

'o i/x2±l>0 
1 i/ x2 ± 1 < 0 


(a2±4pfe)//2 

I 


H 


«/2(4p'=)“-l 

|x2±l|l-“ 


= dd- 


''(a; 2 ±l) 


lf2u k\a-l 

|x2±l|l-“ 


/ ag 

',41/2 


Hq,Hi being defined in Corollary \S.51 and 


E E 


4^ mSZ 
m2±4p*^=n 


2p'=/2 


E / E « 

/2|m2±4p'“ ^=1 


1 1 f {m^±Y)/f 


F 


IF 


|m2±4p'=|“y y/|m2±4pfc|'‘'‘ V |m2±4p'=|l 


IF 


H 


iF 


Where the ' on top of the summation sign means the sum is running over f \ {mfi ± 4/»^) such that 
= 0,1 mod 4. 

Since it is easy to lose track in the somehow overwhelming notation above, we would like to clarify the 
following: 

• The function are the test functions that are used in the trace formula to arrive at (i5±i). 

• /oo G ^+\GL 2 (M) is an arbitrary smooth function. The property /oo that its orbital integrals are 
compactly supported is to ensure some generality that may be useful for application^. For all 
practical purposes of the paper one can take /oo as compactly supported itself. 

®For q p a prime, Klq^i{^,p'°) with gcd(5, g) = 1 is the classical Kloosterman sum S{2^, 2^p^; q) (cf. [15] equation (70)), 
hence the notation. 

®For instance one may wish to take /oo to be a matrix coefficient of some discrete series representation. 
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• F is the test function that we choose for the approximate fnnctional equation, and Hq,Hi are 
transforms of F that appear in the approximate functional equation (cf. ^3.2p . The explicit choice 
made in ([7j) is for conveniently realizing the Mellin transform, F, and its analytic properties (cf. 
Lemma 13.31) . The arguments go through with an arbitrary choice of a Schwarz class function F. 

We would also like note that although Theorem 11.11 is stated for the automorphic representations with 
the ramihcation and central character restrictions given above, the methods are robust and they easily 
generalize to cover the most general case. 


Acknowledgements 


We would like to thank professors Robert Langlands and Peter Sarnak for introducing the author to the 
subject and for very many invaluable conversations thronghont the evolntion of this work. We would also 
like to thank Prof. Matthew Young for pointing out the functional equation in equation ([6]), and to Ngo 
Bao Chau, Eddie Herman, Arul Shankar and Jacob Tsimerman for many discussions. 


2 Preliminaries and the Trace Formula 

In this section we will review the setup of m in more detail. We will first describe the set of automorphic 
representations that will be of interest to ns. We will then fix measure normalizations and review the 
appropriate choice of test functions to arrive at m- Then we will recall their their orbital integrals as 
well as the volume factors that appear in the trace formula. Finally we will review the singularities of 
(archimedean) orbital integrals which will be central to the analysis. 

Throughout the paper, unless otherwise explicitly stated, e{x) will denote (—) will denote the 

Kronecker symbol and will mean the positive branch of the square-root function. 

2.1 The relevant sets of automorphic representations 

Let G := GL{2) and A = Aq be the ring of adeles of Q. We will be interested in antomorphic repre¬ 
sentations TT of G(A) where Tip is unramified for every hnite prime p, and whose central characters are 
trivial on ^ A^. Let us denote those matrices in the center of G(M) having positive entries by Z_|_. 
Then we can, and will, identify M^g with Z_|_. We remark that since we are insisting tt^ to be unramified 
at every finite place and the central character to be trivial on by strong approximation, the central 
character of the representation vr is necessarily trivial (as observed in [13]). 

2.2 The Trace Formula 

2.2.1 Elliptic part of the trace formula and measure normalizations 

An element, 7 G G(Q), will be calleci^ elliptic if its characteristic polynomial is irreducible over Q. For 
7 G G{Q) let Gg, denote the centralizer of 7 in G. We also let G(Q)^ to denote the set of Q-conjugacy 

notion of an elliptic element depends on the choice of the field. However since we have fixed the base field to be Q 
we drop this from notation and simply say elliptic instead of elliptic over Q. When the time arises to distinguish a field K 
we will use the notation “elliptic over K”. 
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classes in G, and G(Q)^’®^^ denote the set of elliptic conjugacy classes. The elliptic part of the trace 
formula is the sum 

vol{j) ■YlOrb{fq]'y) 

Where, 

Orb{fq-,j) : = [ fq{g~^ig)dgq 

vol{j) '■= dg 

J Z+G^m\G^{K) 

and the product over q runs through all the primes including oo. 

Measures in the above integrals are normalized as followJ^: On G, at a non-archmedean prime p we 
choose the Haar measure on G(Qp) giving measure 1 to G(Zp), and at oo we choose any Haar measure 
(the explicit choice is not important for our purposes here). On Gj we normalize the measures in a similar 
manner: 

• At a non-archimedean prime p we choose the Haar measure giving measure 1 to G^{'Lp). 

• At oo, any 6 G G(M) can be decomposed as 5 = zs6us, where zs G is the central matrix with 

entries V|det(5)|, us = ^nd 6 G SL 2 {R). 

— If 7 G G(Q) that is elliptic over R (i.e. has two non-real eigenvalues), and let the eigenvalues 

of 5 G G..y(R) be We take the measure to be dO. 

— If 7 G G(Q) that is split over R (i.e. has two distinct real eigenvalues), and let the eigenvalues 

of 5 G G.y(R) be A, A“^. We take the measure to be 


2.2.2 Test functions, orbital integrals and volumes of tori 


In this subsection we quickly go over the relevant choices of test functions to reach m- The details of the 
calculations of orbital integrals and volumes of tori can be found in pg. 19-21 of m- Let p be a prime and 
/c > 0 be an integer. Let p = Sym^ be the symmetry fc’th power representation of ^G = GL(2, C). 

For a finite prime q and an integer r > 0 let us first define G GdQq) to be the characteristic function 
of the set 

{X GMat 2 y, 2 {^g)\ |det(A)|g = 5 -'-} 

Where Mat 2 x 2 {'Z>q) denote the set of two-by-two matrices with coefficients in Zg and | • |g denotes the 
( 7 -adic absolute value on Q. Now let fq’^ G G^iQq) be defined by 


If q is finite prime such that q d then := 
At p: :=p-G2j(^). 


• At oo: /oo G G°°(Z+\G(R)) is such that its orbital integrals are compactly supported, and other 
than this condition it is arbitrary. 


Finally define by 

j^p,k , . /f ‘ 

ii¥=p 

note here that the only reason to choose this normalization is to keep the analogy with m- There are more natural 
choices of measures on both G and the tori (for example see (3). 
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Let 7 € G(Q) be elliptic and let us denote ( 4 det( 7 ), tr( 7 )) by Let where 

is the discriminant of the quadratic number field Q . Normalizing the measures as above, 

the computation^ on pg.17-18 of m gives 


u \ / if ^7 > 0 

V0l{l) = < 2nh{^) 

I 


if L>^ < 0 


( 1 ) 


Where ujj, ^( 7 ), R{'y) are the number of roots of unity, the class number and the regulator of Q 
respectively. Then following Lemma 1 of m we see that if det( 7 ) = then 


vol{-y) ■ Or 6 (/P’^; 7 ) = p '=/^uo/( 7 ) • Orb{foo\ t) • X] 11 

,/|s7 <i\f 


-1 


( 2 ) 


and the left hand side is 0 otherwise (cf. equation (60) of [E]). Recall that by Dirichlet’s class number 
formula we have, 

r 2fe(7^7) 


Combining this with ([T|) we get 


Substituting this into ([2|) gives 


uo/(7) = 


uo/(7) • ]JOr6(/P’*^;7) =p ^/‘^Orh{foo]l)^J\D^\L (^1, (—)) < 


1 - ( ^) 


/L 7 <?!/ 


Finally by using the change of variables f ^ rearranging the terms we get 
voK-,) . n OrM/f‘;7) = Or6(/„; 7 )!=^^ E R ('■ 

/b7 


(3) 


when dety = ±p^ and the left hand side vanishes otherwise. 


2.2.3 Archimedan orbital integrals and their singularities 

We will recall the asymptotic behavior of archimedean orbital integral^^ in our context. For a more 
detailed introduction see m. m and m and references therein. 

Let /oo G C^(Z_|_\G(M)) be as above and 7 G G{Q) be a regular semisimple element (i.e. centralizer has 
minimal dimension). We are interested in the behavior of Or 6 {/; 7 ) as 7 approaches a central element 
z G G{Q). As is described in [T3] (page 21 equation (26)) ancO [IZ] (equation (1)), around z G Z(M): 

[13] it is assumed that — Nj) R Q(-\/—2) or Q(R—3) however the calculations easily generalize to cover those 

cases. 

^^The non-archimedean orbital integrals have exactly the same type of singularities however since we will only be considering 
representations that are unramified at every finite place the archimedean case will be sufficient for our purposes. 

quick look shows that our measure normalizations on the tori are the same as the ones given in m up to a constant. 













There exists a Weyl group invariant neighborhood, Nz, of z and smooth functions gi,g 2 S C^{Nz) 
(depending on the function /oo and the point z) such that 

Orb{foo] 7 ) = 51 ( 7 ) + (*) 

where 71,72 are the eigenvalues of 7. Furthermore gi is supported only on the elliptic torus. We also 
remark that as 7 approaches a central element the orbital integral, Orb(f^]'y), has a singularity of the 

prescribed form, that , is the discriminant function of G. 

^ ’ I71-72I ’ (71-72)'' 

We will now re-express Q in terms of the coordinates as in the previous section. Recall that 

= tr(7), and = 4det(7). The discriminant then becomes 


(71-72)^ 

7172 



Then in the {N, m) coordinates the asymptotic expansion of the orbital integral can be re-expressed 
as 


Orb{foo]l) = gi{m^,Nj) + ^ 


N- 


2 

7 _ 1 


-1/2 


g2iN^,m^j 


Where gi,g 2 , by abuse of notation, denotes the corresponding functions in the {N,m) coordinates. 


Also recall that /o© is assumed to be invariant under Z_|_, therefore we have fooi^'j) = foo{g) for any 
z S Z_|_. This in particular implies that gi{a?‘N,am) = gi{N,m) for any a € M'*' and i = 1,2. By taking 
a = Y^l A"! gi and 52 depend only on the ratio —and the sign of N. Therefore the orbital integrals can 

be expressed as 


Orb{foo\'y) 


gSign{N-,) 



+ 


N- 


2 

7 _ 1 


sign{Nj) 

92 



(**) 


where gf^{x) := gi{^l,x). We also remark that by the note following (j*j), when sign{N^) < 0, the torus 
is split at 00, and gi vanishes. 


2.2.4 Final form of the elliptic part 

Recall that the elliptic part of the trace formula is the sum 

vol{-/) ■YlOrb{fg;'y) 
7eG(Q)#-'=“ 9 


By ([3]) this is 


^ Or6(/oo;7) 

7eG(Q)#’'=“ 

det(7)=±p^ 




l^fc/2 


ER !• 


/|S7 




Also recall that only the 7 for which Ay = 4det(7) = ±4p^ give a non-zero contribution to the sum above. 
Therefore . Hence by f|^') , 


Orb{foc; W'^'"p^/2^ ' = 20r6(/oo;7) 


N. 


2 1/2 

7 _ 1 


= 2 


_ 1 


sign{N-^) j m. 


9i 


/|JV^| 


1 sign(N~^) j m, 

+ 52 


1^7 I 


^sign{N^) j m- 
— “00 


A7I 
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Where, 


:= 2|x^ ± + g^{x) 


(* ★ -k) 


Finally, recall that the conjugacy classes in GL{2) are parametrized by their determinant and trace, and 
a conjugacy class corresponding to determinant n and trace m is elliptic if and only if rn? — 4n 7^ □ € Q. 
Since with our choice of test functions the only contribution to the elliptic part is from 7 with det(7) = =tp^, 
the elliptic part can be written as 


E E 


m 

-'00 ^ 

=F mEZ 


y: 


^)/f 


(4) 


Where the ' on top of the summation sign indicates that the sum over / is over the square divisors of 
± such that ^ is a discriminant, i.e. = 0,1 mod 4. 

3 Approximate Functional Equation 

This section is dedicated to the derivation of an approximate functional equation for the weighted sum 
of the L-values that appear in (j4|). We will first review the functional equation that the sum over / of 
the L-values satisfy. The point to pay attention is that the weights (i.e. the /-sum) in ([4]) are arranged 
so that the /-sum as a whole satisfies a convenient functional equation. Once we have the functional 
equation we will derive an approximate functional equation in a routine manner. For most of the material 
on the approximate functional equation we will follow §10.4 of [9]. 

3.1 A Functional Equation 

Let 5 G Z\{0} be a discriminant, i.e. 5 = 0,1 mod 4, and let (-) denote the Kronecker symbol. As usual 
let L (z, (-)) denote the Dirichlet L-function associated to the character (-). i.e. 


Let L{z, 5) be defined by 


rLO) = E!Kf) 


1=1 


L{z, ( 5 ) := Y 7^^ 

Where the ' on top of the summation sign, once again, means that the sum is running over / such that 
(5//^ = 0,1 mod 4. Let A{z,6) be the completed L-function, i.e. 


(5) 


A(z,5) := mYr{^)L{z,d) 


Where es is defined by 


0 5 > 0 


I'S = 


J 5 < 0 

Then the completed L-function satisfies the following functional equation: 


(#) 
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Proposition 3.1. 


A(z,5) =K{l-z,5) 


( 6 ) 


In particular we have 


nz,5) = ('^ 


-■2 ri 


■l-Z+L 


2 


L(1 — z, (5) 


( 6 ') 


Proof. This is the content of Lemma 2.1 of [TB]. We only note that in the indicated reference it is implicitly 
assumed that 5//^ is a discriminant. It turns out that this functional equation was also observed earlier 
by several other authors in related contexts (see for instance Bykovskii, [6], and Zagier, [21] )■ We refer 
the reader to the proof of Lemma 2.1 of [T8| and the references in §2 of the same reference for more on 
the history. 

□ 


3.2 Approximate Functional Equation 

In what follows we will derive an approximate functional equation for L{z,5). Everything in this section 
is standard and we include this section to keep the treatment self contained. We will take almost all of 
this material from Chapter 10, §10.4 of [9|. 

Let F G C°°(]R+) be 

noo ]_ 

J X 

Where Ks{z) denotes the s’th modified Bessel function of the second kind. Then, 

Lemma 3.2. For every x > we have 


0 < F{x) < 2 Ko( 2 ) 

and ^ 

0 < 1 — F{x) < 2 K^( 2 ) 

Proof. |9| pg. 257. 

Let F{z) denote the Mellin transform of F. i.e. 

poo 

F{z) = / F{u)u^^ 

JQ 

We have the following lemma about the analytic behavior of F: 


( 8 ) 

(9) 

□ 


( 10 ) 


Lemma 3.3. Explicitly; F{z) = It is holomorphic except for a simple pole at z = 0 with residue 

1 . Furthermore, F{z) is odd, and for z = cr + if G C we have the uniform bound F{z) 2 1*1 


Proof [9] pg. 257-258. 


□ 
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Proposition 3.4 (Approximate functional equation). Let 5 ^ Z be a discriminant (i.e. 5 = 0,1 mod 
and L{z, 6) be defined by ([5|). Then for any z ^ C we have, 


L i^JJl 

f2z-l iz I I 

f\S 1 = 1 


Liz,d) = Y,j^f2 




+ 


|5|\ 2 


XI 71^5^ I 


Where, 


Hig^ziu) ■— 


7^ f 

J?St(u)=l 


f\S 


1 = 1 






-1 r 


2 


(vry) “F (u) du 


Proof. Let F be as in (|lUp . For an arbitrary parameter A > 0 consider 


1 

27ri 



z + u, 6)F{u)A^du 


Where a is such that cr + 5R(z) > 1, and therefore the integral and the sum defining the L-function are 
absolutely convergent. Interchanging the integral and the sum and using the Mellin inversion formula 
gives 


' OO « 

Y.P=Y.h{T)F{;4)-L-.i 


F\5 1=1 


2^j I L{z + u,5) W^F {u)du 

'^{u) = (T 


^ / L{z+ u,6)A^F {u)du 

■JW{u) = (T 


Then shifting the contour to 5R(u) = u' < 0 picks up the pole of F{u) at u = 0 and gives 

^ f L{z + u,5)A^F {u) du = L{z,5) + ^ f L{z + u,5)A^F {u) du 
J'^{u)=0' J’^{u) = g' 


f'^(u)=(7 J'^{u) = 0 

Using the change of variables u e->■ —u and using the oddness of F transforms the cjLintegral to 


^ / L{z + u,5)A^F{u) 


du = — ^ / L{z — u,6)A '^F{u)du 


Finally using the functional equation (ItFI) gives 


1 

27Ti 


f^{u)=o 

Therefore we get, 


L{z - u, 6) A “F (u) du = 


l^{u)=—cr‘ 




i+u-z r( ^+"7+^^ ) 


z + u, 6)A ^F{u)du 




1 (sjf 


f\s 1=1 F\s 1=1 

We note that in the statement of the proposition we took u' = 1 for convenience. 


H, 


(ipA 




□ 
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Corollary 3.5. Let 6 £ Z be a discriminant (i.e. (5 = 0,1 mod and L{1,5) be defined by ([5]). Then, 


i=i 




^vT 


IPA 


Where ls is as defined in (fi), and 

Ho{y) : = Ho,i{y) 
_ /■ 


- 2 ^ / '"F{u)du 

Hi{y) : = H,4y) 

= ^i [ ffeT(7r?/)"“-FMd'« 

J?st(u)=i ^ y~) 


( 11 ) 


(Ho) 

(Hi) 


3.3 Estimates on 

We have the following bound on 
Lemma 3.6. For any 5R(x) > 1 we have 

( 12 ) 

Where the implied constant is absolute. 

Proof. The only difference between Hq and Hi is the difference in the T-factors, so we start with bounding 
those. Recall Stirling’s approximation (cf. pg.326 of [H]): 

T{u) = (^1 + 0 ) 

Using this we get 



Note that the map tt e-)> 4 — 1 maps the line $R(u) = 1 to the circle centered at —1/2 on the real line, 
with radius 1/2, and therefore we have — 1| < 1. Similarly we get |1 + < 2 and |^ — 1| < 1. These 
inequalities then imply that for 3 ?(m) = 1 , 


r(f) 


1+^ 


Where the implied constant is absolute. Substituting ([f]) into the definitions for and using the 

bound on F{x) given in Lemma 13.31 we get 


7(1) 

< [ |^f|2»W-i|g2^|-5R(«)g- ' 2^ 

7(1) 


I^WI 


du 
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Shifting the contour to 5R(u) = max{l, sj \/27rx} then gives 




1 -\/ \f2-KX 

.9.1 A ^ 




ip-2\/5 


Where the implied constant is absolute. 


□ 


4 Poisson Summation 

With the notation of ([5]) the elliptic part of the trace formula (i.e. equation (j4])) is 

T mEZ 
m?±Ap^^n 

Our aim is to apply Poisson summation to the m-sum above. This, however, is not straightforward due 
to the problems caused by the singularities of 6^ and by the conditional convergence of the Dirichlet 
series defining the value of the L-functions. In the following paragraphs we will first review the problems 
and then state the simple but important observation. Proposition 14.11 that will allow us to resolve these 
issues and apply Poisson summation. 


4.1 Remarks on Poisson Summation 

As we said there are a few points to be resolved before Poisson summation can be applied. 

1. The m-sum is not running over the complete lattice (it is missing the values for which m^±4p^ = □) 

and adding these values manually is problematic since the L-functions, L ^ have poles 

at s = 1 when m^ ± 4p^ = □. 

2. The sums that define the values of the L-functions do not converge absolutely, hence the interchange 
of summations are problematic. 

3. The functions are not smooth. They have singularities of the prescribed type that we have 
discussed in 1)2.2.31 

The first two of these problems are easily resolved by the introduction of the approximate functional 
equation which replaces the conditionally convergent series defining L ^1, with absolutely 

(and rapidly) converging sums. Substituting (fTTI) in (jj]) results in 

E "-(^ 

T meZ 
Tn,^±4p*^^D 

Where in order to not to complicate the notation we denoted ^ by keeping the dependence on 

m and p implicit. 



X] / X] 1 

/2|m2±4p'“ 


(m2±4p'=)//^ 

I 


F[lC 




III 


Y^jrn4±4jTj 


H 


( IPA 
1 |m2±4p*| 


(4') 
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4.2 Smoothing and Poisson Summation 


Although introducing the approximate functional equation resolves the first two problems it does not 
immediately resolve the third. The crucial observation, stated in the next proposition, is that by choos¬ 
ing the parameter A appropriately we can smooth out the function 0^ which allows us to use Poisson 
summation without trouble. 

Proposition 4.1. Let a > 0 and ^(a:) G 5(M) he a Scwartz class function. Then the functions 
and |1 — are both smooth. 

Proof. By -k we see that the only problematic points are x = ±1. Without loss of generality we can 
take X = 1 since the argument is the same for both points. Furthermore the argument is verbatim for 
both functions so without loss of generality we will treat the first function. We will show that both the left 
and right derivatives of the functions at x = 1 are 0, which will show that the function is differentiable. 
It will then be clear from the proof that the same argument shows that left and right derivatives of all 
orders exit and are 0. 

We begin with the left derivative. Consider the difference quotient, 

h^0+ ^ h^0+ ^ 

Since is Schwarz class, for any M > 0 we have 

4>(x) = Om{x~^) 

Therefore as h —)• 0'*' 

$ {{2h - /i2)-“) = Om {{2h - 

TlicrcforG 

eUi-h)Hi2h-h^)-) ^ 

By 6^ is bounded and hence we see that the limit is 0. Now note that the same argument applies 
verbatim to the right derivative hence proves differentiability. Since M was arbitrary the same argument 
proves that all the derivatives exists. 

□ 


Recall that in (llip the constant A > 0 is yet to be chosen. By Proposition 14.11 and estimates in Lemma 
13.61 for any 1 > a > 0 if we choose A = \m? ± 4p^|“ then both 

( rn \ p ( Ip \ 

and 

are smooth functions of the variable m, and hence Poisson summation can be applied. 

Theorem 4.2. Let 1 > a > 0 and set A = |m^ ± 4p^|" in (flTTl . Then 


(0) + ^ X] X] F X] R 

T /=i 


E 


(^) 


F 


1=1 

lp(Ap'^)-° 

|x^±lp 


+ 


lf2p-k/2 


C/2(4p*)"-l \ 
|x^±l|i-“ J 



(13) 
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Wher^, 




H 


f If 

|x^±l|i-“ J 


E 


a mod 4:1 
a^:L4p^=0 mod 


{a^±4pf/f 

I 


a?±4p^_ 


f 


=0,1 mod 4 


f a? 

yiip 



A/2(4pfe)°-l \ 
|x^±l|i-“ 1 
/Z/2(4p'')“-l\ 


if x'^ ±l > 0 
if x'^ ±1 <0 


Hq^i being defined in Corollary 13.51 and 


S(n) := 


E 


E 

T mGX 
m^di4p^=n 




2p^ 


E } 


oo 

E 

1=1 


{m^±4pflf 



, If A \ 

Y/|m2±4p'=| V|m^±4p'=|y 


Proof. Since the Z-sums in (|4^ converge absolutely we can add and subtract the values of m £ Z for which 


m 


± V = □ to dH). Therefore dH) can be written as 


EE«^( 


T mEZ 


Vv^) 


X] / X] i 

/2|m2±4p'' 


{rrd±4p'=)/f 

I 


1=1 


If 

IT 


+ 


Jr 


H 


f\m^±4p>=\ \\m'2±4p'^\ 


If A 


-s(n) 


The sum S(n) is the second term on the left iof (jldp and will not be analyzed any further. So from now 

- - f 1 as well as the condition that 

2 _\_A k 

^ = 0,1 mod 4 are periodic (in m) mod4^/^. Therefore by interchanging the / and Z-sums with the 

m-sum (which we can do because the Z-sum converges absolutely and the /-sum is finite), and breaking 
the m-sum into arithmetic progressions mod4//^ we can rewrite the first sum as follows: 


T /=1 1=1 


E 

a mod 41 f 
a^±4p*^=0 mod f 

£j 2 j _4 fc 

— jf =0,1 mod 4 


{m?±4p*^)/f 

I 


E 

m£Z 

m=a mod 41 


0^ 


(#^)Hi 


If 


+ 


If 


H 


|m2±4p'=|“y y/|m2±4p'=| \\m'^±4p>‘\ 


If 


nfcll —C 


Applying Poisson summation to the m-sum (which we can by Proposition 14.11 i.e. see the argument prior 
to the statement of the theorem) proves the theorem. 


□ 


5 An Auxiliary Dirichlet Series 


For any n G Z and z £ C, let D{z‘, n) be defined by 

^®For qf^pa. prime, with gcd(5, g) = 1 is the classical Kloosterman sum S{2^, f) (cf. [15] equation (70)), 

hence the notation. 
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(14) 


oo oo 

D{z-.n) 

f = l l = l 

In order to analyze the ^ = 0 term of the sum in Theorem 14.21 we will need the analytic properties of 
D{z; n). 

Lemma 5.1. 

D{z;n) = Dp{z;n) 

V 

Where for each prime p, Dp{z\ n) is defined by 

CO OO 

]~j ( y r} \ ■ _ \ ^ 1 \ ' KlpV pU (0,n) 

lypyz, II) 2_^ pu{2z+i) 2_^ pv{z+\) 

u=0 v=0 


Proof. Chinese remainder theorem. 


□ 


Lemma 5.2. Let p\ n be an prime. Then, 


Dp{z\n) 



if p is odd 


ifp = 2 


Proof. Let us first assume that p = 1 mod 2. In order to compute Dp{z\n) we need to compute 
Klpv pii{f),n) for various values of u and v. 

• V = u = 0. 

In this case the Kli^i{0,n) is obviously 1. 

• u > 0, tt = 0. 


KV,i(0,n)= (^) 

a mod p'^ 

= E (^) E 1 

ao mod p ai mod ^ 



ao mod p 


This last sum depends on the parity of v. 
— V = 0 mod 2. 

In this case 


@=p-^ E 1 

ao mod p 
aQ^An 



(*) 


(m) 
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— V = 1 mod 2. 

In this case 

© = -p^~^ (in) 

Where we used Lemma 2 of Appendix A of m- 
• V = 0, u > 0. 

Since p / 2, 

Kli^pu(0,n) = 1 

a mod 
a^=4n mod 



• v,u > 0. First of all the sum is clearly 0 unless n is a square modp. If n is a square modp, since 
p 7^ 2, then there are two exactly square-roots of 4n modulo p^“. Let us denote them by ni,n2. 
Then, 


Klpvpu(0,n)= 

od 

:72 mo 

p"-' E 


{a^-4n)lp‘^'^ 

P 

a mod ^”+2“ 
a^=4n mod 

{a?,-4n)lp^- 

pV 

ao mod pl+2“ 
aQ=4n mod p^“ 

= ^ ^(ag-4n)/p^ 

ao mod 


aQ=nj mod 

=P-‘ E (‘-P-) 


a 2 mod p 

i=i,2 


= p 


V—1 


if u = 1 mod 2 


(p — 1) -h if u = 0 mod 


(u) 


We can now compute Dp(z‘,n). 


Dp(z\ n) — ^ n(L+i) ^ 


KlpV ^pU (0,7l) 


u=0 i;=0 

oo oo oo oo 

-j I \ 1 \ (0;^) 1 \ 1 \ KlpV pU [0^71^ 

^ + ^ pu{2z + l} 1“ / ^ pu{2z + l) / ^ pv(z + l) 


V=1 


U=1 


U=1 


V = 1 
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Using (ji]) to (jl)), we then get: 


TO / _ 1 I \ ^ \ ^ ^h,p^{0!Ti) I \ ^ 1 \ ^ -fC/pP pu (0,rT) 

^p\Z, ri) — l-\- pv(z + l) “T 2_^ pu(2z + l) W pn(2z + l) 


1+E 


KlpV i[0^n) 

pu(2z + l) ^ pu{2z + l) / ^ pv{z + l) 

V=1 U=1 U=1 V=1 

OO CXD C» OO __ 

Klp2v i{0,n) ^ K/p2p+gi(0,n) ^ Kli^pu{0,n) , Y^ i Y^ 

p'2v{z+l) r 2^ p(2v+l)(z+l) r 2_^ pu(2z+l) r 2_^ pu(2z+l) 2_^ 

v=l i;=0 u=l u=l 


v=l 

OO 


^lp2v pU (0,Tl) 
p2v\z + \.) 


_ 1 ^ + ^ 
p2v{z + l) p / ^ p{2v + l){z-\-l) 

v=l i;=0 


v=l 
OO 

“ p) (p)) ^ p“(2-+l) Y1 p2i’(.+l) 


+ (pj) 


w=l 


u=l 

OO 


?;=1 


= 1 + 1 - 


+(p))) ^ " p ^ 


V=1 

OO 


i ;=0 


+ 1 + 


V_i 

/ pu{2z 


+ 1 ) 


W=1 


+ (^“p) (^+(pj) 


1 

^2vz 


1 -- 


W=1 

OO 


i;=l 

OO 


= T^+ 1 + 


- Ml + ' ” 

it=l ti=0 


^ ^ pu(2z+l) ^ ^ . 


1 

'2vz 


u=0 


v=l 


1 -- 

~- 


(2+1 


This finishes the proof of the lemma when p = 1 mod 2. The computation for p = 2 follows the same 
argument using the properties of the Kronecker symbol (2)- The only difference is that we need to do 
a case by case calculation depending on the congruence class of n mod 8. We leave the details to the 
reader. □ 

Lemma 5.3. Let p \ n be a prime, and let Vp{n) denote the p-adic valuation of n. Then, 


Dp{z;n) = 


Proof. As in the proof of Lemma 15.21 we first assume that p = 1 mod 2. The computation depends on the 
parity of the p-adic valuation of n. Let r = Vp{n) throughout the proof. As in the proof of Lemma 15.21 
we need to compute the values of Klpv pu(f),n) first. 

• r = 1 mod 2. We divide the computation into cases depending on the values of v and u. 

— V = u = 0. 

In this case Klpv^pu(^0,n) is obviously 1. 

— u > 0, M = 0. 

Since p | n, 


1 -- 


z{vp(n) + l) 


1 -- 


++){-f) 


1 - 


,z(tJp(n) + l) 


1 - 


2^+1 




if p is odd 
ifp = 2 
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(i) 


AV.l(0,«)= ^ {^) 

a mod p'^ 



2u > r. 

In this case we use the assumption that r = 1 mod 2 and that p 2. Note that in this 
case the sum runs over amodp^“ such that = 4nmodp^“. If amodp^“ is such that 
= 4n mod then we need to have a = oq for some oq mod ~. But in this case 
= p^~^^aQ = 0 modp^"*"^, therefore we cannot have = 4n modp^“. Hence in this case the 
sum is 0. 

r > 2tt > 0, u > 0. 

In this case n = 0 mod and hence in order to have a? = a mod we necessarily have 
a = 0 mod Then the sum is, 

AV,,-(0,n)= 

a mod 
a.^=4n mod 

= E (?) (*) 

ao mod 

^pn+v_pU+v-l 

Where in passing to (|*D we used the assumption that r = 1 mod 2 so that a = 0 mod p. 
r > 2u > 0, V = 0. 

In this case, 


Kli^pu[0,n) = 1 

a mod 
=4n mod 

= (in) 
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Using (ji]), ([m]), (jml) and the argument above we see that, 


KlpV pU (0,Tl) 


r—1 

2 OO 

' p!_ P 


U=1 


n ^ I ^ Kl:i_^pu{{},n) ^ 1 _ 

Up[^Z, ri) — l-\- pv(z + l) -r 2_^ pu(2z + l) 2-^ p^(2z + l) pv(z + l) 

V=1 U=1 U=1 V=1 

r— 1 r— 1 

OO 2 2 

= 1 “ l) X] p^'b+l) + ^ pui2z+l) + (l “ l) ^ 

V=1 U=1 

r—1 r —1 

2 OO 2 

— + V4 

^ P J / ^ p2uz / ^ pVZ ~ / ^ 

r —1 
1 2 


(22+1) ^ ^ 
i;=l 


ii=0 11=1 


11=0 


1 — 


11=0 


1 — 


p2(r+l) 


Which finishes the proof in the case of r = 1 mod 2. 
r = 0 mod 2. 

Let r = 2rQ. We proceed as before and first compute Klpv pu{Q^n). The computation once again 
depends on the values of v and u. 

— V = u = 0. 


Once again iL/i^i(0,n) = 1. 

— n > 0, It = 0. 

In this case the result of Q is still valid. 

— ro > M > 0, n = 0. 

In this case (jifip is still valid. 

— n > ro, n = 0. 

In this case we need to compute, 


Kli^pu[0,n) = 1 

a mod 
a^=4n mod 

Let n = p^^^riQ. Then the sum vanishes unless = 1- If this is the case then we have, 

Kli^pu{0,n) = ^ 1 

a mod p^^ 
a^=4n mod p^^ 

= E ' 

ao mod ^0 

ag=4no mod p 2 ii- 2 rQ 

= 2p"° 


Therefore in this case. 


(iv) 
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ro > u > 0, V > 0. 

In this case (jn]) is still valid. 
u = Tq, V > 0. 

In this case we have, 

A'V.p-(0,n) = 

a mod p’'+2“ 
a?=in mod 

ao-4no \ 

p’' ) 

ao mod p’'+“ 

_pV+u-i \i V = 1 mod 2 

^v+u _ pV+u-i ('i + ^ if u = 0 mod 2 

Where we used Lemma 2 of Appendix A of m in the first line, 
u > ro, u > 0. 

In this case we need to compute, 




AV,p-(0,n)= 

a mod p''+2“ 
a^= 4 n mod p^“ 

Let n = where Vp{no) = 0. Then, since p 7 ^ 2, in order to have = 4nmodp^“ 

we need to have = 1) he. no is a square modulo p. This, by Hensel’s lemma, implies 

that no is a square modulo p 2 ?i- 2 ro+i_ assume that this is the case and denote the 

square-roots (which there are exactly two since p 7 ^ 2 ) of no modulo p 2 u- 2 ro-i-i |^y j g_ 

uj = no modThen Klpvpu[0^n) can be written as. 


Klpv pu ( 0 , n) 


/ (a^— 4 n)/p^“\ 

V ^ ) 

a mod p’'+2“ 
a^= 4 n mod p^** 



=p"' 12 

ao mod 
aQ= 4 n mod 


^ (ag-4n)/p^^ ^ 


= p'““^ ^ ^ (af-4no)/£^(^^2lll!. 

ai mod p^+2u-rQ 
af= 4 no mod p 2 ('“-’"o) 


_ pV+ro-l 


E 

j = l,2 03 mod p 


/ 03 

V P" 




^p^+ro-l2 


0 

p — 1 


if r = 1 mod 2 
if r = 0 mod 2 


We therefore get. 


AV,p.(0.n) = P-+" (1 - 1) (1 + (7)) 



if u = 1 mod 2 
if u = 0 mod 2 


(n) 
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We can now compute Dp{z] n). By using (ji]) to ^ we get, 


oo ro cx> 

7^ { ^. ^\ _ 1 I \ I \ (0;^) I \ (Oi'^) 

Upyz, n) — I ^ 2 _^ pv{z-\-i) r pu{ 2 z+i) r ^ pu{ 2 z+i) 

v=l u=l w=ro+l 


ro —1 

+ X/ p“(2^^+l) X] 


U=1 


oo oo 

JClpV pU (0,Tl) ^ \ 

pi'Cz + l) ^ pro (22 + 1) / ^ 

'U = l 11=1 


Klp-o^p-^O (0.^) 
pr(2 + l) 


+ X/ p'‘(2^^ + l) X/ 


KlpV pU (0,77.) 

o^U+l) 


7x=ro+l 
oo ro 


7;=1 


^ + (^ “ p) + (^ + (^)) Z] ^ 


r=l ii=l 

ro —1 oo 


^ny 


ii=ro+l 


+ (^“p)X]^X]p^ + -^.^^2 Lo f 1 - M 1 + ^ — 




pro(22+l) P \^ \ P J J J ^ ^ 

li = l V=1 V=1 

oo oo oo 

pro(L+i) E piaiu^ +7^’'° (l “ p) (^ + (^)) E p-(2i+l) E ^ 

1=0 ii=ro+l i’=l 


I’D 


ro-1 


-i + (1“|)Ef^ + E^ + (^“I) E^Ef^ 

77 = 1 7i=l 77=1 77=1 

OO OO 

I p^O \ ^ 1_ p^0~^ \ ^ 1 

' pro (22 + l) / ^ p 2 i ;2 ^ro (22 + l) / ^ p{2v + l)z 


ro-1 


77=1 
OO 


77=0 


^0 


^ + (^“p) E^E^+E^ + 


1 1 

p^ p 


1- 


p2(ro + l)2^ ^ 


1=0 1=1 
(l-h)(l- 


77=1 


p("’'o+i)"(l-^) 




ro —1 


p2rcu ^ 

ro 


' j_1 

p 


,{2ro + l )2 ^-1 


ro—1 


1+V^V —+ V^-iV^V — 

~ / ^ p^uz / ^ pVZ \ / ^ p2uz p / ^ pluz / ^ pVZ 


n(2' 


U=0 77 = 1 


77=1 


li=0 71=1 




1 -- 


|2ro^ 


1 -- 


,{2ro + l)z 




1 1 ^ 

(l 

\ 

p(2ro + l)2 J 


1 


1-. 




P J \ 


This finishes the proof of the lemma for the case p = 1 mod 2. The calculations for p = 2 follow the 
same lines and as in the proof of Lemma 15.21 we leave this case to the reader. 


□ 


Corollary 5.4. Let n € Z. Then, 


p\n 


^l_p-z(rp(") + l)^ 
(1-p-^) 
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Proof. Follows from lemmas 15.21 and 15.31 


□ 


6 Isolation of the Contribution of Special Representations 


In this section we will isolate the special representations as promised in the introduction and finish the 
proof of Theorem 11.11 We will identify the contribution of the trivial representation and the residues 
of Eisenstein series (denoted by in lil-21) to the trace formula in the dominant term, (fT3]) ^ q. of (fT3]) . 
Where we define (fT^ ^ q by 


m^=o ■■= 


oo oo 

T /=1 l=l 


{x) 


F 


V ) 


+ 


2Vk^±l| 


y |3;^±ip-“ ) 


dx 


Theorem 6.1. Let 1 > a > 0, and v > 0 be any number such that f{u + 1) does not have any zeros for 
\u\ < V (Such an v exists since C(u + 1) is non-zero at u = 0 and the zeta function is meropmorphic.). Let 
Cv = { (0, it) 1 t S {—oo, —v) U (u, oo)} U Cy, and Cy denotes the left-half of the circle of radius v around 
0. Then, 


+ ^ 




yk/2 

~ 




T 


c(«+2) (i-p-(-+i)) 

,/b2±ll 27ri / i 1 




Where L(^x'^±i) = 0,1 depending on x^ ±1 > 0 or < 0 respectively (as already defined in ( [^ 


Proof. The = 0 term in (fl^ is 



F 


/ ;/2(4pfe)-" \ 

V |a;2±i|“ ) 


l f2p-k/2 / Z/2(4pfc)° 1 

2i/|x2±l| V |a;^±lb““ 


dx ^ • Klij{0,FP ) 


Where H = Hq if x^ ± 1 > 0 and = i/i if ± 1 < 0 (cf. Theorem 14.21) . Let F denote the Mellin 
transform of F. By Lemma 13.31 F{z) is holomorphic for 3ft(z) > 0. Therefore by Mellin inversion we have 


ny) = hl nu)y-^du 

■1(1) 

Also recall that 

Ho{y) = ^ r(i|j) {TTy^F {u) du 

■^ 1 ( 2 /) = ^ W du 

We will need to distinguish into cases according to ± 1 < 0 or not. In the first case we have H = Hi 
and in the second H = Hq. We also note that when the sign in the first sum in (joj) is — we necessarily 
have + 1 > 0. 
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• =b 1 < 0. 

As we have noted above, in this case we necessarily have the sign + in the first sum of (|o]). Therefore 
we have, 


OO CO 

pfc/2 1 

/=! l=l 



Oto (^) 


j{i) 


(i-x'2)°‘ ) “T 2vT^ r(^) V 



dudx 


(oi) 


Note that the integrand in the tt-integral is holomorphic for 3?(rt) > 0 therefore we can move the 
u contour to right without changing the value of the integral. Then, by moving the contour to 
3?(u) = c > 1 and using the trivial bound \Klij{{),n)\ < we can ensure that the I and /-sums 
and the integrals converge absolutely and bring the sums into the integrals and get 


2 




(l-a;2)“ 


D{u -|- l;p^)du 


ViiYUj- 

2Vl-x'^ 27ri 




f 7r(4p'')“-l 


D{u;p’^)du 


dx 


Where D{u;p^) is as in (fTT|) . Using Corollary 15.41 we see that this is equal to 


pk/2 



(a;) 



f (4p'=)-" 


—u 


ii2u+2) (l-p-("+l)(fe+l)) 

({u+2) (l-p-(“+l)) 


du 


2^p-^/^ 1 

yjl-x2' 27ri 



( 7r(4p'')“-l 
{l-x'2)‘--°‘ 


—u 


C,{2u) (l-p-"('°+l)) 

C(“+i) 


du 


dx 


Now note the following: 

“ r^( 2-^^ ( 1 %-") ^ simple pole at u = i with residue and is holomor¬ 

phic on and to the right of the line 5R(tt) = 0. 

— By Lemma 13.31 F[u) has a simple pole at tt = 0 with residue 1 and is holomorphic otherwise. 
Note that in this case we also have lim^i^o ^ = 0- 

l p-(fe+l)/2 


p-(t»+i)) —^ ^ simple pole at rt = - 2 ^ with residue 

on and to the right of the line 3?(u) = — 1. 


2C(4(i-p-i/U holomorphic 


— The rest of the functions (of the variable u) in the first integral are holomorphic everywhere 
on and to the right of the line 3ft(rt) = —1, and in the second integral on and to the right of 
the line = 0. 
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Therefore by shifting the rt-contour of the first integral to 3 ?(m) = —1 and the second to we get, 






/ 

J\x 


(l_3;2)a/2 ax + ZP (1-p-l) 


'|x|<l 


(9+ (x) dx 


, (4p'')T^F(^)(l-p-('=+l)/2) f 0+(,;) 

+ 2C(|)(l-p-V2) 4|<i 


+ 


„ fc /2 


'|x|<l 


(a 


^TTi W (^(l_a;2)« j C(«+2) (l_p-(- + l)) aU 


+ 


2^p-*^/3 _ 

Vl-a:^ 27ri 


^ f c(2«) (i-p-"(^+^)) , ' 

:7ri 1 \(l-x2)i “j C(“+l) (1-p “) 


dx 


Finally recall that by Lemma [3.31 F is odd^T and therefore the first and the third terms above cancel 
and we get 


O fc/2 

+ ^— I 0i(x) 


/ ' 

d|x|<l 


'|x|<l 


4^ 

^ 27ri 


0+ (x )dx 


'(- 1 ) 


F(u: 


/ (4pfc)-a N -» 
\ (l-a;2)“ 


C(2n+2) , 

C(«+2) (i_p-(-+l)) 


+ 


2^/iFp-''/= 1 f 


(4p'=) 


fcNCI —1 \ 


C(2«) (l-p-“('=+l)) 

cfFTiy (i-p-“) 


du 


dx 


• x^ ± 1 > 0. 

In this case we have, 


OO OO 

pfc/2Y^Y^ I Klij{0,p>‘) 

~ P 

T /=1 l=l 




(x2±l)“ 


—u 

du 


I V^T^PI^ J_ 

2\dF±T 27ri 


'( 1 ) 


F(n) 


r(t) 


/ 7r«/2(4p'=)“-l 
(x2±l)i-“ 



\ 

j du 

dx 


( 02 ) 


We proceed as above. Shifting the contour right to = c > 1, then interchanging the I and 

/-sums with the integrals and using Corollary 15.41 results in 


p^ yy 


i:2±l>0 


(aj) 


4^ / 

J[c) 


( (4p^)-° 
(x2±l)“ 


C(2»-H2) (l-p-("+l)(fe+l)) 
C(«+2) (l-p-(“+l)) 


du 


+ 


2yiFp-*=/2 1 
vT^±T 27ri 


(c) 


F(u) 


r(t) ___ 

r(i^) 


(VTiiV“ c(2^) (i-p-^^'^+^y 

C(u+i) (i-p-“) 


du 


dx 


For what follows we will need to 
Now note that: 

^ has a simple pole at u = ^ with residue 2 /pVi ''~-V 2 ) is holomor- 


r(if2i)c(n+i) 
phic on and to the right of the line 5R(u) = 0. 


^®We note that the oddness of F is completely peripheral for the argument. The whole argument is valid for an arbitrary 
choice of F and F. If F is not odd, then we would get —F{—u) in the dual part of the approximate functional equation. 
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— By Lemma 1,3.31 F(u) has a simple pole at tt = 0 with residue 1 and is holomorphic other¬ 
wise. On the other hand L has a simple pole with residue 2 at u = 0. Finally we see that 

= uC{2u){k+l)+0{u^) around « = 0. Therefore F{u) 

has a simple pole at ti = 0 with residue 

C{2u+2)(i^ p —____—) g ginrple pole at rt = ^ with residue p-V^) holomorphic 


on and to the right of the line 3?(u) = — 1. 


— The rest of the functions (of the variable u) in the hrst integral are holomorphic on and to the 
right of the line 3?(u) = — 1, and in the second integral are holomorphic on and to the right of 
the line 5R(n) = 0. 

Therefore shifting the hrst contour to = — 1 and the second to Cy we get, 


_ (4p'=)T^T(i)(l-p-('“+l)/2) 


^ f d^jx) 


=F 


i:2±l>0 

1 — Ct 






E 


^ Jx^±l>0 


‘^2m I, {x'^±l) 


C.{2u+2) (l-p-("+l)('-+l)) 


C(“+2) (i_p-(u+l)^ 


61) (a:) 
(3:2±1)“/2 

du 


dx 


+ 


2F^p 


-k/2 


Vx^FT 27ri 


! f PWfS 


t{4p^) 


k\a — l \ 


C(2n) ' 

C(n+1) (l-p-“) 


dx 


The hrst and fourth terms in the above sum cancel because F is odd (Once again this is not essential 
to the argument. See the footnote above.), and we get 


T ■ 

(x 


x2±l>0 


(a;) dx - (A: + l)^ 
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x2±l>0 


d^(x) 


+ ^E 


=F 


x^:kl>0 


^2-Ki ) C(«+2) (l-p-(-+l)) ““ 


+ 


2F^p-^l'^ _ 

%/x^±l 2-ui 


— f Fiu) 

J Cv V 2 > 


(i-p-(“+i)) 

C(2u) (l-p-"(*^+l)) 
) (x2±l)l““ J C(u-l-l) (1—P““) 


k\a — l \ —U 


7r(4p^) 

•2-Ul \1- 


du 


dx 


Summing ( [^ and ( j^ hnishes the proof. 


□ 


Finally we have the following auxiliary lemma that identihes the contribution of the special representations 
in the sum in Theorem 16.11 

Lemma 6.2. Let tr(i(/P’^)) is the contribution of the trivial representation, and tr(^o(/^’^)) is the con¬ 
tribution to the trace formula by the residues of the Eisenstein series as explained on pg.25 of fW/ . Then, 
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tr(i(/P’")) 

tr(Co(r’")) 



Proof. We start with the trivial representation. Recall that 6^{x) = 2|x^ ± + gf^{x), 

where 7(^i,a;) is as in (j^j)- Then, 


E / (-) 

T '' 

. /'1_„-(fe+l)^ 




Now a quick comparison of d*]) with eauatioiJ^ (65) of |13] (using equation (26) of the same reference) 
shows that (J*]) = tr(l(/P’^)). 


For the second equality we only need to note that the integer we denote by k is denoted by m in m, and 
equation (31) of [l3] is equal to ^ fx2±i>o 


□ 


Finally Theorem 16.11 combined with Lemma 16.21 finishes the proof of Theorem ll.il 
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